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~e/sume( - Nous discutons l a  classe de thgor ies  de champ moyen rgcemment 
proposges pour exp l iquer  l a  format ion e t  s t a b i l i t 6  des quas ic r i s taux .  

Abst ract  - We survey the  c lass o f  mean f i e l d  theor ies which have r e c e n t l y  -- 
been proposed t o  exp la in  the format ion and s t a b i l i t y  o f  quas ic rys ta ls .  

I - INTRODUCTION 

Jus t  over two years ago a  small r e v o l u t i o n  occurred i n  the condensed mat ter  

community w i t h  the  announcement by Shechtman e t  a l .  /I/ r e p o r t i n g  the d iscovery 

o f  an aluminum-transit ion metal a l l o y  w i t h  transmission e lec t ron  microscopy d i f -  

fractograms e x h i b i t i n g  spots as sharp and in tense as those o f  c r y s t a l s  b u t  w i t h  

icosahedral p o i n t  group symmetry. A new s t r u c t u r a l  concept has become necessary t o  

account f o r  these microst ructures which are n e i t h e r  c r y s t a l l i n e  nor amorphous, as 

c l e a r l y  manifested by t h e i r  e l e c t r o n  d i f f r a c t i o n  pat terns.  These substances pose 

problems f o r  our t i d y  c l a s s i f i c a t i o n  o f  s t ructures,  though e f f o r t s  dur ing  the  past  

year aimed a t  e l u c i d a t i n g  t h e i r  s t r u c t u r a l  and s t a b i l i t y  p roper t ies  seem t o  i n d i c a t e  

t h a t  these r a p i d l y  s o l i d i f i e d  a l l o y s  are composed o f  ordered mul t ipo lyhedra l  s t ruc -  

tu res  forming a  new " in termediate"  s t a t e  o f  mat ter  inbetween glassy substances and 

p e r i o d i c  c r y s t a l l i n e  mate r ia l s .  

A number o f  t h e o r e t i c a l  models proposed since the d iscovery o f  quas ic rys ta ls  

are successfu l ly  p rov id ing  a  bas is  w i t h i n  which t o  understand (a )  what arrangement 

of atoms i s  requ i red  t o  produce the  observed q u a s i c r y s t a l l i n e  d i f f r a c t i o n  pa t te rns  

and (b)  why i t  i s  t h a t  the atoms should choose t o  assume such i cosahedra l l y  sym- 

met r i c  conf igurat ions i n  preference t o  the conventional p e r i o d i c  c r y s t a l l i n e  forms. 

Approaches t o  these fundamental quest ions d i v i d e  i n t o  two categories. There has been 

developed a  geometrical approach, g i v i n g  systematic p r e s c r i p t i o n s  f o r  the construc- 

t i o n  of quas ic rys ta l  1  i n e  l a t t i c e s  w i t h  icosahedral symmetry, and a  phenomenological 

approach, designed t o  f i n d  whether a?y o f  the  conventional elementary models o f  

c r y s t a l  format ion might  n o t  conta in metastable o r  even s tab le  q u a s i c r y s t a l l i n e  so- 

l u t i o n s t h a t  had h i t h e r t o  been overlooked because o f  the almost un ive rsa l  expectat ion 

t h a t  n o s i t i o n a l  o rder ing  must be c r y s t a l l i n e .  Since most o f  the t a l k s  presented a t  

t h i s  conference have addressed the  f i r s t  approach i n  q rea t  d e t a i l ,  I w i l l  be 
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l i m i t i n g  my presentat ion t o  a d iscuss ion o f  the  energet ics o f  format ion and the  

s t a b i l i t y  p roper t ies  o f  these strange and wonderful a l l o y s .  Ile w i l l  main ly  be exam- 

i n i n g  the c lass o f  mean f i e l d  theor ies  based on the conventional Landau /2/ theory o f  

c r y s t a l  s o l i d i f i c a t i o n  and w i l l  ask whether quas ic rys ta ls  can emerge n a t u r a l l y  from 

the k ind  o f  simple Landau theor ies  t h a t  have been used f o r  so long t o  p r e d i c t  the 

poss ib le  s t ruc tu res  of ord inary c r y s t a l s .  

Recal l  t h a t  the Landau theory o f  c r y s t a l  formation i s  a  hydrodynamic d e s c r i p t i o n  

o f  a  substance i n  the v i c i n i t y  o f  a  phase t r a n s i t i o n  and as such, d e t a i l s  o f  the 

substance a t  the microscopic l e v e l  become who1 l y  i r r e l e v a n t .  I n  add i t i on ,  because i t  

i s  phenomenological i n  character,  i t  evades the cen t ra l  d i f f i c u l t y  o f  s t a t i s t i c a l  

mechanics, which i s  t o  ca lcu la te  the  p a r t i t i o n  f u n c t i o n  given the Hamil tonian o f  

the system. Since there  i s  s t i l l  no microscopic theory f o r  quas ic rys ta l  formation, 

the two po in ts  j u s t  mentioned make Landau theor ies  an espec ia l l y  appeal ing and use- 

f u l  t o o l  f o r  understanding the energet ics involved i n  q u a s i c r y s t a l l i n e  order ing.  I n  

p a r t i c u l a r ,  we w i l l  be using t h i s  mean f i e l d  theory t o  determine whether a s t r u c t u r e  

w i t h  icosahedral symmetry can be s t a b i l i z e d  below the l i q u i d  t o  s o l i d  t r a n s i t i o n  

temperature. 

A Landau theory o f  phase t r a n s i t i o n s  cons is ts  o f  two main ingredients .  One must 

f i r s t  cons t ruc t  an order parameter, which w i l l  prov ide the l o c a l ,  macroscopic des- 

c r i p t i o n  o f  the system. Secondly one assumes t h a t  f o r  temperatures near the t r a n s i t i o n  

temperature the e q u i l i b r i u m  proper t ies  can be ca lcu la ted  from a f u n c t i o n  o f  the  

order parameter on ly  - t h i s  f u n c t i o n  can simply be regarded as a genera l i za t ion  o f  

the Gibbs f r e e  energy t o  s i t u a t i o n s  o f  non-equi l ibr ium. The minimum o f  t h i s  f r e e  

energy func t iona l  corresponds t o  the actual  Gibbs f r e e  energy o f  the  system. Through- 

ou t  t h i s  review i t  i s  impor tant  t o  keep i n  mind t h a t  because o f  the  approximations 

inherent  i n  such an approach, the aim o f  such theor ies  ( w i t h  the poss ib le  exception 

o f  the Sachdev and Nelson model discussed below) i s  no t  t o  g ive  an accurate quanti-  

t a t i v e  microscopic d e s c r i p t i o n  o f  q u a s i c r y s t a l l i n e  order ing,  bu t  ins tead  t o  demonstrate 

t h a t  con t ra ry  t o  e a r l i e r  p re jud ice  t h e r e i s  noth ing p e c u l i a r  about s ta tes  w i t h  long- 

range icosahedral order ing.  The aim o f  a l l  the models t o  be discussed i s  t o  show 

t h a t  q u a s i c r y s t a l l i n e  s ta tes  can compete success fu l l y  w i t h  conventional c r y s t a l l i n e  

s ta tes  even i n  the most elementary phenomenological theor ies  o f  s o l i d i f i c a t i o n .  

I 1  - CONVENTIONAL LANDAU THEORY OF CRYSTAL FORMATION 

The poss ib le  non-uniform s t ruc tu res  t h a t  can form from the i s o t r o p i c  f l u i d  are 

determined i n  Landau theory by min imiz ing the f r e e  energy dens i t y  f, which i s  taken 

t o  be a f u n c t i o n  o f  ~(1;). the d e v i a t i o n  o f  the  atomic dens i t y  p(l) f rom i t s  e q u i l i -  

br ium value po . The f ree energy dens i t y  f has two competing terms: a gradient  term 

fgrad, which represents the e f f e c t  o f  non-local i n t e r a c t i o n s  i n  the l i q u i d  tending 

t o  favor  a non-uniform densi ty ,  and a bu lk  term fbulk, which represents t h e  p r e f e r -  

ence f o r  l o c a l  thermodynamic e q u i l i b r i u m  a t  a  uni form densi ty .  The two c o n t r i b u t i o n s  

t o  the f r e e  energy dens i t y  have the general forms: 



I f  the dev ia t ion  Y o f  the densi ty  from non-uni formi ty  i s  small (as i t  w i l l  be i f  the 

t r a n s i t i o n  i s  on ly  weakly f i r s t  order) then higher order terms i n  the  expansions (1)  

can be ignored. One of ten ( b u t  n o t  always - see below) truncates the  non-local gradi -  

e n t  f r e e  energy a t  second order i n  Y ,  r e t a i n i n g  the f o u r t h  order terms necessary f o r  

thermodynamic s t a b i l i t y  o n l y  i n  the l o c a l  bu lk  f r e e  energy. Note t h a t  the  bu lk  terms 

can a lso  be cas t  i n  the form o f  gradient  terms by appropr ia te choice o f  de l ta - func t ion  

kernels  K; the r e a l  content  o f  the separat ion (1 )  l i e s  i n  the  assumption t h a t  a l l  

terms higher than second order i n  Y can be taken t o  be l o c a l .  

The s implest  vers ion o f  such a theory was p u t  f o r t h  by Alexander and McTague /3/ 

several years ago. The i r  analys is  appl ies i n  the  l i m i t  i n  which the  dominant term i n  

the f r e e  energy i s  the quadrat ic  g rad ien t  f r e e  energy. Since t h i s  has the  k-space 

form: 

i t  fo l lows  t h a t  the most favorable s t ruc tu res  w i l l  be superposi t ions o f  a  s e t  o f  wave 

vectors t h a t  a l l  l i e  on a s i n g l e  spher ica l  she1 1 o f  rad ius ko, where ko i s  the  mag- 

n i t u d e  o f  the wave-vector t h a t  minimizes K(b). I f  we combine a l l  the quadrat ic  f r e e  

energy terms, d e f i n i n g  

T = t + K(ko), (3)  

then the quadrat ic  p a r t  o f  the  f r e e  energy i n  t h i s  s ing le  s h e l l  l i m i t  i s  j u s t  

.. 
where the sum i s  over a se t  o f  d i r e c t i o n s  k. 

The best  se t  o f  d i r e c t i o n s  and the ampli tude and phases o f  the associated 

plane waves are determined by the l o c a l  cubic and q u a r t i c  terms i n  the bu lk  f r e e  

energy. Since the q u a r t i c  bu lk  f r e e  energy i s  p o s i t i v e  d e f i n i t e ,  wh i le  the  cubic 

term can always be made negative by an appropr ia te choice o f  the o v e r a l l  s ign  o f  

Y(x), i t  fo l lows  t h a t  the h ighest  temperature non-uniform phases w i l l  be those w i t h  

non-vanishing cubic bu lk  f r e e  energies. 

If one takes a l o c a l  q u a r t i c  bu lk  f r e e  energy as i n  Eq. ( I ) ,  then the most 

favored s t r u c t u r e  depends on a r a t h e r  d e l i c a t e  compet i t ion between the  cubic and 

q u a r t i c  terms, the  q u a r t i c  term tending t o  suppress s t ruc tu res  t h a t  would be favored 

by the cubic term alone b u t  which have l a r g e  dens i t y  f l u c t u a t i o n s .  The analys is  of 

Alexander and McTague avoids t h i s  complicat ion, a  s i m p l i f i c a t i o n  which can be achieved 

by tak ing  the q u a r t i c  term t o  be p ropor t iona l  t o  the square o f  the  quadrat ic  t o t a l  

bu lk  f r e e  energy per u n i t  volume. Such a q u a r t i c  term i s  e f f e c t i v e l y  non-local , a 

p r i c e  one must pay i f  the cubic term i s  t o  con t ro l  the energet ics e n t i r e l y  by i t s e l f .  
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(The q u a r t i c  term i s  a lso  t r e a t e d  t h i s  way i n  the  work o f  Bak and o f  Kalugin e t  a l .  

below. ) 

The cubic bu lk  free energy w i l l  on ly  be non-zero i f  the se t  o f  d i r e c t i o n s  con- 

t a i n s  many t r i o s  t h a t  add up t o  zero. Alexander and McTague argue t h a t  the most e f f i -  

c i e n t  way t o  produce many such t r i o s  i s  t o  take a  se t  o f  twelve d i r e c t i o n s  p o i n t i n g  

from the o r i g i n  t o  the centers o f  the twelve edges o f  a  regu la r  octahedron (an octa- 

hedral "edge model"). Such a  se t  forms the fundamental s t a r  o f  a  face centered cubic 

rec ip roca l  l a t t i c e ,  and there fo re  generates a  densi ty  ~ ( x )  w i t h  body centered cubic 

t r a n s l a t i o n a l  symmetry. This i s  sa id  t o  exp la in  c e r t a i n  observed preferences f o r  BCC 

s t ruc tu res  near the s o l i d - l i q u i d  phase boundary. 

Alexander and McTague a lso  note i n  passing t h a t  another way t o  generate many 

t r i a n g l e s  i s  t o  take a  s e t  o f  t h i r t y  d i r e c t i o n s  p o i n t i n g  from the o r i g i n  t o  the cen- 

t e r s  of the  t h i r t y  edges o f  a  regu la r  icosahedron ( icosahedral "edge model"). Such a  

s t r u c t u r e  w i l l  generate an icosahedral quas ic rys ta l .  Quas ic rys ta ls  being unknown i n  

1978 and the BCC s t ruc tu re ,  i n  any event, being more favorable w i t h i n  the Alexander- 

McTague model, the icosahedral s t r u c t u r e  was dismissed w i t h  the remark t h a t  when crys-  

t a l  nuc lea t ion  i s  i n h i b i t e d  t h e  r e s u l t i n g  amorphous s o l i d s  do indeed tend t o  have l o c a l  

icosahedral p a r t i c l e  arrangements. 

With the discovery o f  quasicrysta ls ,  the Alexander-McTague approach has been re -  

examined and general ized i n  a  number o f  d i f f e r e n t  ways. We nex t  compare and con t ras t  

the mechanisms responsib le  f o r  s t a b i l i z i n g  the quas ic rys ta l  phase i n  f i v e  recent  

Landau models and hope t h a t  experiments w i l l  soon help us decide which i f  any o f  these 

occurs i n  the observed systems. 

I11 - RECENT LANDAU THEORIES OF QUASICRYSTAL FORMATION 

(1) I n  the  model o f  Kalugin, K i taev,  and Lev i tov  /4/,  r e l a x i n g  the assumption 

t h a t  the gradient  energy i s  so overwhelmingly dominant t h a t  on ly  wave-vectors o f  a  

s ing le  magnitude ko can appear i n  the superposi t ion appears t o  favor  d phase w i t h  

icosahedral symmetry over the BCC phase. Instead o f  tak ing  K(5) t o  g lve  an i n f i n i t e l y  

steep w e l l  a t  ko they a l low i t  t o  be quadrat ic :  

As a  r e s u l t ,  the form o f  the quadrat ic  free energy i s  genera l ized from (4)  t o  : 

I f  K  approaches i n f i n i t y  we recover the Alexander-McTague l i m i t ,  b u t  an i n t e r e s t i n g  1 
s i t u a t i o n  a r i ses  when K1 i s  n o t  i n f i n i t e ,  b u t  s t i l l  very  la rge .  I n  t h a t  case add i t i on -  

a l  wave vectors w i t h  a  magnitude d i f f e r e n t  from the primary s e t  need n o t  be p roh ib i -  

t i v e l y  c o s t l y  provided t h a t  the second magnitude i s  n o t  very f a r  from ko. Th is  e x t r a  

f l e x i b i l i t y  does l i t t l e  t o  he lp the BCC s t ruc tu re ,  because the  next  s h e l l  o f  wave- 

vectors  i n  rec ip roca l  space has a  rad ius  t h a t  i s  41.4% grea te r  than the fundamental 



s ta r .  

If, however, one takes as the fundamental s t a r  the  twelve vectors p o i n t i n g  from 

the o r i g i n  t o  the twelve v e r t i c e s  o f  an icosahedron ( icosahedral "ver tex"  s e t ) ,  then 

a  secondary se t  p o i n t i n g  from the o r i g i n  t o  the centers o f  the t h i r t y  edges can be 

generated as sums o r  d i f fe rences  o f  p a i r s  from the  f i r s t  se t .  Vectors i n  the second 

s e t  ( the o r i g i n a l  Alexander-McTague edge vectors)  are on ly  5.15% longer  than those i n  

the f i r s t .  Furthermore, the wave vectors i n  the second se t  n o t  on ly  permi t  the f o r -  

mation o f  a l l  the t r i a n g l e s  i n  the Alexander-McTague model, b u t  also, because o f  the 

way i n  which they are generated by the f i r s t  set ,  permi t  the cons t ruc t ion  o f  add i t i on -  

a l  t r i a n g l e s  conta in ing two ver tex vectors  and an edge vector .  This  i s  very favorable 

f o r  the cubic bu lk  f r e e  energy. 

Continuing t o  use the s i n p l i f i e d  form f o r  the q u a r t i c  bu lk  f r e e  energy, Kalugin 

e t  a l .  show t h a t  the BCC c r y s t a l  w i l l  n o t  be favored over such an icosahedral quasi- 

c r y s t a l  u n t i l  K1 exceeds 69.5 T - i.e., u n t i l  t he  w e l l  favor ing  a  s i n g l e  magnitude o f  

k i s  very steep indeed. 

The conclusion t h a t  by a  s l i g h t  sof ten ing o f  the  k-space w e l l  i n  the  Alexander- 

lilcTague model, the quas ic rys ta l  can a c t u a l l y  become more s tab le  t h a t  the BCC c r y s t a l  

s t r i c t l y  holds on ly  i n  the approximation where t h ?  l o c a l  q u a r t i c  term i s  taken t o  be 

p ropor t iona l  t o  the  square o f  the quadrat ic  term i n  the  bu lk  f r e e  energy. We repeated 

the  ana lys is  w i t h  the Fu l l  local q u a r t i c  term ins tead  and discovered t h a t  the re  i s  no 

value f o r  K1, n o t  even K1 equal t o  zero (K1 must always be 2 0) ,  f o r  which the quasi- 

c r y s t a l  can become more s tab le  t h a t  the BCC c r y s t a l .  I n  t h i s  l i m i t ,  the f i r s t  order  

t ransSt ion temperature from the  i s o t r o p i c  phase t o  the BCC phase i s  higher than 

t h a t  t o  the icosahedral phase, so t h a t  the  format ion o f  the  BCC phase preempts t h a t  

o f  the  quas ic rys ta l  phase. Apparently, a l l ow ing  the cubic term t o  determine the 

energet ics a l l  by i t s e l f  biases the  s i t u a t i o n  too heav i l y  i n  favor  o f  the  phase w i t h  

icosahedral symmetry . Al lowing the q u a r t i c  term t o  suppress s t ruc tu res  w i t h  la rge  

dens i t y  f l u c t u a t i o n s  t h a t  would be favored by the cubic  term alone leads one back t o  

the BCC s t ruc tu re ,  even i f  the  quadrat ic  we l l  i s  softened considerably so as t o  i n -  

clude wave vectors near i n  length t o  the  o r i g i n a l  s e t  i n  rec ip roca l  space. 

(2) Mermin and Tro ian /5/ take a  d i f f e r e n t  approach t o  extending the Alexander- 

McTague model. They f i r s t  examine the e f f e c t  o f  keeping the  l o c a l  q u a r t i c  term which 

suppresses extreme deviat ions i n  the  densi ty .  This makes the  f r e e  energy min imizat ion 

problem considerably less  s t ra ight forward,  since the phases o f  the plane waves favored 

by the cubic  term are u s u a l l y  incompatible w i t h  those favored by the q u a r t i c .  Depend- 

i n g  on the  choice o f  phases, Mermin and Tro ian f i n d  three d i s t i n c t  icosahedral s t a t i o n -  

a r y  po in ts  t o  the f r e e  energy. None o f  them are g lobal  minima, a l l  l o s i n g  ou t  t o  the  

BCC s t ruc tu re  a t  h igh temperatures (-0.055 < T < 0.089), and t o  e i t h e r  a  p lanar  

hexagonal phase (-2.15 c T < -0.055) o r  a  "smectic" phase ( T < -2.15) a t  successive- 

l y  lower temperatures. Two o f  the three icosahedral s t ruc tu res  a re  n o t  even l o c a l  

minima of the free energy (1) bu t  the t h i r d  ( the one w i t h  the smallest cubic and 

q u a r t i c  terms once the number o f  wave vectors i n  the  s t a r  has been scaled ou t  from 
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the f r e e  energy) appears t o  be a  l o c a l  minimum f o r  r 5 -0.9. (None o f  the  th ree  a re  

l o c a l  minima f o r  p o s i t i v e  T.) To prove t h a t  t h i s  s t r u c t u r e  i s  indeed a  l o c a l  minimum 

corresponding t o  a  metastable s ta te ,  which a l l  quas ic rys ta ls  seen t o  date seem t o  be, 

requ i res  checking t h a t  t h a t  t h i s  s t r u c t u r e  i s n o t  on ly  l o c a l l y  s tab le  against  phase 

f l u c t u a t i o n s  bu t  against  the a d d i t i o n  o f  wave vectors nearby i n  rec ip roca l  space 

which could poss ib ly  cause the s t r u c t u r e  t o  go per iod ic .  This l a s t  p iece o f  ana lys is  

i s  underway. 

To go beyone Alexander-McTague, Mermin and Troian next  in t roduce a d d i t i o n a l  s h e l l  

i n  k-space. A t  the simple phenomenological l e v e l  o f  t h e i r  argument i t  i s  a  mat ter  o f  

t a s t e  whether these a d d i t i o n a l  s h e l l s  are t o  be associated w i t h  d i f f e r e n t  sets  of 

Four ie r  components o f  a  s i n g l e  order parameter ~ ( 3 )  o r  whether they should be viewed 

as associated w i t h  a d d i t i o n a l  " s i n g l e  s h e l l "  order parameters associated w i t h  physi- 

c a l l y  d i s t i n c t  cons t i tuen ts  o f  the  a l l o y .  

I n  con t ras t  t o  the model o f  Kalugin e t  a l . ,  i n  the approach o f  Mernin and Tro ian 

q u a s i c r y s t a l l i n e  behavior requ i res  special  geometrical r e l a t i o n s h i p s  between the 

r a d i i  o f  the al lowed she l l s .  One can ge t  icosahedral quas ic rys ta ls  i f  the  r a t i o s  

correspond t o  the  lengths o f  h igher  harmonics ( i  .e., 1  inear  combinations w i t h  i n t e g r a l  

c o e f f i c i e n t s )  ;i the basic icosahedral s t a r  o f  u n i t  ver tex vectors. This includes bu t  

i s  n o t  l i m i t e d  t o  the r a t i o  o f  1.051 considered by Kalugin e t  a l .  For these specia l  

r a t i o s  o f  wave vectors t h a t  the icosahedral geometry can take advantage o f ,  Mermin 

and Troian argue bu t  do no t  prove t h a t  there are regions o f  the phase diagram where 

q u a s i c r y s t a l l i n e  s t ruc tu res  succeed i n  having a  lower f r e e  energy than any o f  the 

very l a r g e  number o f  competing s t ruc tu res  one can cons t ruc t  from such sets  o f  wave 

vectors. 

To make t h e i r  model a n a l y t i c a l l y  t r a c t a b l e  they work i n  a  reg ion o f  the phase 

diagram where the  amplitude o f  one o f  the  components i s  l a r g e  compared w i t h  the  other  

so t h a t  on ly  terms up t o  quadrat ic  order i n  the weak component need be reta ined.  

This makes i t  possib le  e x p l i c i t l y  t o  e l im ina te  the second component, r e t u r n i n g  t o  

a  one-component model w i t h  an e f f e c t i v e  q u a r t i c  i n t e r a c t i o n  t h a t  i s  non- local .  I n  

t h i s  vers ion o f  t h e i r  model i t  i s  the q u a r t i c  term, r a t h e r  than the cubic, t h a t  

s t a b i l i z e s  the icosahedral q u a s i c r y s t a l l i n e  phases, and the s t a b i l i t y  occurs no t  a t  

temperatures immediately below the  t r a n s i t i o n  from the  l i q u i d ,  b u t  a t  temperatures 

low enough t h a t  the q u a r t i c  terms are a t  l e a s t  comparable t o  the cubic. The extension 

o f  t h i s  model t o  condi t ions where both components have comparable weight (or ,  equiv- 

a l e n t l y  i n  the case o f  the leng th  r a t i o  1.051, the'extension o f  t h e  ana lys is  of 

Kalugin e t  a l .  t o  a  l o c a l  q u a r t i c  bu lk  f r e e  energy ) i s  under i n v e s t i g a t i o n .  

(3) Bak /6/ has suggested a  r a t h e r  d i f f e r e n t  mechanism f o r  the s t a b i l i z a t i o n  

of icosahedral quas ic rys ta ls  w i t h i n  the Landau theory ( al though h i s  main i n t e r e s t  

and c o n t r i b u t i o n  t o  t h i s  subject  l i e s  w i t h  the "geometr ical" approach mentioned i n  

the i n t r o d u c t i o n  - see the con t r ibu ted  paper i n  t h i s  se r ies ) .  Wi th in  the  framework 

described above we would character ize h i s  model as fo l lows.  He r e t a i n s  the Alexander- 



McTague assumption o f  a  s i n g l e  spher ica l  s h e l l  i n  k-space and the s i m p l i f i e d  non- 

l o c a l  q u a r t i c  term. He a lso  keeps a l o c a l  q u i n t i c  term i n  the  bu lk  f r e e  energy and 

must the re fo re  a lso  have a s t a b i l i z i n g  s i x t h  order  term. I f  the cubic term i s  suf -  

f i c i e n t l y  small, then because the q u a r t i c  term i s  p ropor t iona l  t o  the square of the  

quadrat ic ,  the q u i n t i c  term w i l l  p l a y  a major r o l e  i n  the  determinat ion o f  the  s t ruc -  

ture.  A s e t  o f  d i r e c t i o n s  p a r a l l e l  t o  the edges of an icosahedron (equiva lent  t o  the 

icosahedral "edge" se t )  w i l l  con t r ibu te  t o  t h i s  term, among other  ways, through the 

many pentagonal qu intuples t h a t  add t o  zero. Bak ca lcu la tes  t h a t  these pentagons are 

enough t o  s t a b i l i z e  an icosahedral quas ic rys ta l  i n  a  s ing le  s h e l l  model w i t h  s u f f i -  

c i e n t l y  small cubic term. 

His analys is ,  however, ignores the f a c t  t h a t  t h e  BCC s t r u c t u r e  , among others, 

can a lso take advantage o f  the  l o c a l  q u i n t i c  term. Furthermore, the  e f f e c t s  o f  a  l o c a l  

q u a r t i c  term have no t  been considered nor the ef fects  o f  a  l o c a l  s t a b i l i z i n g  s i x t h  

order term. It i s  s t i l l  an open quest ion, then, whether a s i n g l e  s h e l l  model w i t h  

a l o c a l  bu lk  f r e e  energy can support q u a s i c r y s t a l l i n e  phases through the  e f f e c t s  o f  

the q u i n t i c  term, even i f  the cubic term happens t o  be e n t i r e l y  absent. 

(4) J a r i c  /7 /  has g iven a r a t h e r  d i f f e r e n t  t w i s t  t o  the  basic Landau theory. 

(For an extension o f  t h i s  work see the con t r ibu ted  paper i n  t h i s  se r ies  a lso . )  He 

argues t h a t  there i s  no reason t o  l i m i t  non-local terms t o  the  quadrat ic  f r e e  energy. 

He does r e t a i n  the  assumption o f  a  s i n g l e  s h e l l  i n  k-space, i n  which case i t  i s  easy 

t o  e s t a b l i s h  t h a t  the cubic term remains l o c a l ,  b u t  the re  i s  now a two-parameter 

fami l y  o f  poss ib le  non-local q u a r t i c  terms, and any number of ways t o  p i c k  q u a r t i c  

coupl ings t h a t  w i l l  s t a b i l i z e  an icosahedral quas ic rys ta l  over competing c r y s t a l l i n e  

phases. 

Instead o f  r e s t r i c t i n g  the c lass o f  models w i t h  the  requirement t h a t  the  higher 

order f r e e  energy be l o c a l ,  J a r i c  avoids the a r b i t r a r i n e s s  o f  a  la rge  f a m i l y  o f  quar- 

t i c  terms by t u r n i n g  t o  a model f i r s t  p u t  f o r t h  by Nelson and Toner / 8 / ,  i n  which 

the  t r a n s i t i o n  t o  a p o s i t i o n a l l y  ordered s t a t e  i s  d r i ven  by the p r i o r  appearance o f  

long-range o r i e n t a t i o n a l  order  i n  the  l i q u i d  s ta te .  I n  t h i s  model long-range icosa- 

hedral o r i e n t a t i o n a l  order may o r  may n o t  induce long-range icosahedral quas ic rys ta l -  

1  i n e  p o s i t i o n a l  order. I f  i t  does, however, the a c q u i s i t i o n  o f  quas ic rys ta l  'l i n e  po- 

s i t i o n a l  order f r o n  the  o r i e n t a t i o n a l l y  ordered l i q u i d  w i l l  depend on ly  on the  quad- 

r a t i c  terms i n  the dens i t y  order parameter Y, because the  coupl ing o f  the o r i e n t a t i o n -  

a1 order parameter t o  a densi ty  wave comes i n  through terms quadrat ic  i n  Y. 

As a r e s u l t  the model restores a c e r t a i n  u n i v e r s a l i t y  t o  the mechanism f o r  the 

onset of quas ic rys ta l  1  i n e  order, provided, of course, the  icosahedral quasi c r y s t a l  1  i n e  

t r a n s l a t i o n a l  order ing takes p lace against  the background o f  an a l ready icosahedra l ly  

o r i e n t a t i o n a l l y  ordered 1 i q u i d .  J a r i c  shows t h a t  an i n t e r e s t i n g  consequence of t h i s  

un iversa l  s t r u c t u r e  i s  t h a t  i f  an icosahedral q u a s i c r y s t a l l i n e  densi ty  wave i s  i n -  

deed induced, then the  fundamental s t a r  o f  wave vectors must e i t h e r  be the icosahedral 

ver tex o r  face vectors ( p o i n t i n g  from the  o r i g i n  t o  the centers o f  the  twenty faces), 
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but  never the edge vectors, i n  agreement w i t h  the  observed d i f f r a c t i o n  oa t te rn  which 

i s  incompatible w i t h  an edge model, as shown by Nelson and Sachdev /9/. We now 

present another type o f  mean f i e l d  theory which can a lso  s t a b i l i z e  the icosahedral 

quas ic rys ta l .  

I V  - DENSITY FUNCTIONAL THEORY OF QUASICRYSTAL FORMATION 

A l l  o f  the Landau theor ies  described above should be viewed as attempts t o  f o r -  

mulate simple and na tu ra l  model f r e e  energies, and t o  explore whether they are capable 

o f  y i e l d i n g  q u a s i c r y s t a l l i n e  behavior. These elementary models are, i f  anything, too 

successful, s ince they seem capable o f  producing q u a s i c r y s t a l l i n e  e q u i l i b r i u m  states,  

whereas the  evidence t o  date seems t o  i n d i c a t e  t h a t  the q u a s i c r y s t a l l i n e  s t a t e  i s  

on ly  metastable. The f i n a l  approach we describe s a c r i f i c e s  s i m p l i c i t y  f o r  what one 

may hope w i l l  prove t o  be real ism.  

(5) Sachdev and Nelson / l o /  base t h e i r  treatment o f  q u a s i c r y s t a l l i n e  order on the  

dens i t y  func t iona l  theory o f  Ramakri shnan and Yussouff /11/. (A s i m i l a r  approach i s  

being developed and expanded by Haymet /12/.) For the l o c a l  bu lk  f r e e  energy they 

take 

instead of a simple polynomial. More impor tant ly ,  f o r  t h e  f u n c t i o n  K(b) appearing 

i n  the g rad ien t  energy they make no phenomenological assumptions r e s t r i c t i n g  k t o  

one o r  a few spher ica l  she l l s .  Instead they r e q u i r e  t h a t  when the nonl inear  terms i n  

the bu lk  f r e e  energy a re  ignored, the remaining quadrat ic  f r e e  energy should y i e l d  

the observed s t a t i c  s t r u c t u r e  f a c t o r  f o r  t h e  l i q u i d  s ta te .  This  i s  enough t o  determine 

K(1) i n  terms o f  e i t h e r  the observed l i q u i d  s t a t e  s c a t t e r i n g  data, o r  i n  terms of 

ca lcu la t ions  f o r  appropr ia te models o f  the l i q u i d  s tate.  However K i s  determined, 

the s i g n i f i c a n t  p o i n t  i s  t h a t  the  weights g iven t o  the var ious Four ier  components 

i n  the superposi t ion Y(C) are no longer  phenomenological parameters a t  one's d i s -  

posal, bu t  determined by the p roper t ies  o f  the l i q u i d  j u s t  above the t r a n s i t i o n  t o  

the  p o s i t i o n a l l y  ordered s ta te .  

I n  general, a very l a r g e  number o f  Four ier  components w i l l  now have non-vanish- 

i n g  weight, and extensive numerical computations must be done t o  a r r i v e  a t  a s t ruc -  

ture.  Using as i n p t  a s t r u c t u r e  f a c t o r  w i t h  a h igh  degree o f  short-range icosahedral 

order, Sachdev and Nelson f i n d  t h a t  convergence f o r  the icosahedral c r y s t a l s  i s  n o t  

achieved u n t i l  one-hundred d i f f e r e n t  s h e l l s  i n  momentum space are included. They f i n d  

t h a t  the most favorable dens i t y  now has face centered cubic  t r a n s l a t i o n a l  symmetry, 

body centered cubic l o c a l  minima have a h igher  f r e e  energy, and q u a s i c r y s t a l l i n e  

icosahedral l o c a l  minima have h igher  f r e e  energies s t i l l .  

C l e a r l y  the dens i t y  func t iona l  method, u n l i k e  the others we have described, 

i s  not  an approach f o r  back o f  the envelope model ca lcu la t ions .  I t remains t o  be 

seen whether i t  can succeed ( as the e a r l i e r  models su re ly  cannot) i n  p rov id ing  



r e a l i s t i c  p red ic t ions  for  when q u a s i c r y s t a l l i n e  s t ruc tu res  w i l l  o r  w i l l  n o t  be 

l i k e l y  t o  emerge from the  mel t .  
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