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The presence of a deformable free surface in thin films driven to spread by body or shear forces
gives rise to base states that are spatially nonuniform. This nonuniformity produces linearized
disturbance operators that are non-normal and an eigenvalue spectrum that does not necessarily
predict stability behavior. The falling film provides a simple example for demonstrating a more
generalized, rigorous honmodal approach to linear stability for free surface flows. Calculations of
the pseudospectra and maximum disturbance amplification in this system, however, reveal weak
effects of non-normality and transient growth such that the modal growth rate is rapidly recovered.
Subdominant modes contribute little energy to the leading eigenvector because the oscillatory
behavior is rapidly damped by surface tension. Generalization of these results to numerous other
lubrication flows involving surface tension suggests similarly weak non-normality and transient
growth. © 2003 American Institute of Physic§DOI: 10.1063/1.1564094

The linear stability of thin liquid films driven to spread involving free surfaces. While this work considers the effects
by shear or body forces has been studied extensively duringf perturbations to the height profile of the film, other types
the past decade:* Prior studies have used classical modalof disturbances are possible. For example, the effect of sinu-
analysis to determine the transverse wavelength and growipidal perturbations to the slip coefficient has recently been
rate of the most unstable mode. Such an analysis impIicitl)'vnvestigated‘.2
assumes the linearized operator is normal and the eigenvec- The well-known stress singularity associated with mov-
tors orthogonal, but the presence of a deformable free surfadeg contact line$’® can be alleviated by allowing for slip at
gives rise to base state traveling wave solutions that are sp#ie liquid—solid interface. The Greenspan motdethich al-
tially nonuniform. This spatial inhomogeneity produces non-lows adjustment of the contact angle slope, describes either
normal disturbance operatotst is well known that the ei- partially wetting or completely wetting liquids. For appropri-
genvalue spectrum dfighly non-normal systems may not be ate choices of the slip coefficient and contact slope, it can
physically determinarft. reproduce the base state profiles and dispersion curves found

The presence of non-normal operators in problems inwith a precursor modét! It can also be used to examine
volving spreading films was first explored in the context of configurations with large capillary ridges that are highly sus-
gravitationally driven flows:® To relieve the usual stress sin- ceptible to frontal breakup. The governing lubrication equa-
gularity at moving contact lines, the base state film profiletion for the evolution of the film thickness using the
was patched onto a flat, infinite precursor layddistur-  Greenspan condition was first derived by Spaid and Homsy.
bances localized near the initial contact line were shown tdnclusion of hydrostatic pressure is straightforward, so only
undergo magnification by over two orders of magnitude. Thehe final result is given below. A viscous liquid film of den-
amplification ratio, however, was not quantified by thesity p, viscosity u, surface tensiony, and characteristic
2-norm of the operator exponential normally associated witlthicknessh. flows down a substrate inclined from the hori-
energy productiotf but instead by thes-norm of an evolved  zontal by an angled. The coordinate axix points in the
(particulay initial disturbance. The more generalized ap-uphill direction,y lies in the plane and normal to, andz
proach to linear stability for non-normal autonomous operalies normal to the inclined plane. The dimensionless evolu-
tors described below provides a rigorous upper bound otion equation is given by
disturbance amplification at all times by identifying the op- 3 3 2 _
timal disturbances from the singular value decompositi%n hy=(h +ahfx+v'[(h TahV(Vh=Dh]=0, (1)
(SVD) of the propagatot! In addition, there are alternative whereV = x4, + {3, . The coefficient of the hydrostatic pres-
contact line models that can be used to study the influence afure is given by D(6)=(3Ca)"3cot(4), where Ca
boundary conditions on the level of transient growth. This=uU./y is the capillary number and U,
present work, which revisits the falling film using a slip =(pg sin(9)h?)/(3w) is the characteristic speed of the falling
boundary condition, implements a more generalized framefilm in the absence of hydrostatic pressure. The scalings used
work for examining the linear stability of thin film flows in Eq. (1) are (y,2)=(x,y)/l, hzﬁ/hc, w=1z/h,, andt
=1tU./l, where dimensional variables are denoted by a tilde

_ 1/3 ;
dAuthor to whom correspondence should be addressed. Electronic maiﬁmd_I =h./(3Ca) repre§ents the length scale f(_)r the inner
stroian@princeton.edu region of the flow. The slip condition relates the liquid speed
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' ' of the slip coefficient or larger values of the contact slope,
2.0+ _______ «=10°,C =2, D=0 | while larger values oD have a suppressive effect. Since for
SN it At o finite liquid volumes the characteristic film thickness de-
a=10", C =1, D=0 . . . 1/3
e q=10" C=1. D=3 T creases in timeaccording toh,~t~ 3 the parameteD
h <=+ a=10%, C =2, D=5 slowly decreases as the film spreads downslope.
104 ) Equation(1) is perturbed about the traveling wave solu-
5 e . tion by imposition of two dimensional disturbances of the
a=104. C=1,D=5 form G(¢&,t)exp(ql). The shape of the streamwise distur-
o8y 910 ,€,=1,D=5 1 bance is governed by
a=10", C =1, D=5
0.0 . . 9G 2 2 2
~o 5 10 15 =1~ L(Dhoge=Noggee) (a+3hg) —a%o(D +0%) (a
&
a
+3h3)(1—hogee+ (@2 +2D)) — (1+ @) ]G,
o8 - +[ho(D+20?) (a+h3)1G z+[ —hog(3h3
044 7 ... 1
. T +a)]Gggg‘*'[_ho(a"'hg)]G,gggg, (4)
0.2 -
subject to the decay conditioi® G,—0 asé—x». At =0,
5 0.0 the boundary conditions are
024 ——4=107° = = = ‘ _
o :=:g4' (C:s=fv g=g hoggG_h()ng—O, (5)
041 a=10", c:=1. D=3 which is derived from a Taylor series expansion of the base
064 ---- «=10%, C =2, D=5 state about théperturbed contact line, and
-eem =107, € =1, D=5 2
0.8 — e ; . Gi+ ahp:Gsse— a(D+g°)hg:G:=0, 6
00 02 04 06 08 10 t+ahoGeee— a(D+ADN0G ©
q which ensures that continuity is satisfied at the contact3ine.
Spatial discretization of Eq@4) using a central difference
(b) scheme yields the system of equations
FIG. 1. Base state@) and dispersion curve®) for selected values of the
slip parametewr, contact slopeC,, and coefficient of the hydrostatic pres- ot =A(¢)G. (7)

sureD.
The linear autonomous matri& acting on the state of the
system G contains the discretized elements; the spatial

at the solid surface to the local shear stress through the SIi?oundary conditions determine the entries in the first and last

coefficienta according to the dimensionless relation evergl rows. The number of gr'|d. points qsed to determine
the discretized elements comprising matfixranged from

a v 2000 to 4500 points. The long time behavior of solutions to
V|w=0:3_h(9_w : 2) Eg. (4) ast—x is determined from the exponential form
=0 G(&,t)=H(&)exp(@t), where 8 denotes the disturbance
This system can be viewed from a reference frame moving &jrowth rate. The eigenvalues and eigenfunction# afere
a constant dimensionless speetly introducing the change cajculated using theig function inMATLAB 5.3.%° Plots of the
of variables¢= x +ct, where £=0 denotes the position of gispersion curves are shown in Figbl The increasing hy-
the (unperturbegicontact line. Equatioil) is subject to the  grostatic pressure at low inclination angles has a strong sta-
boundary condition$i(§=0)=0, h(§=0)=Cs, h({§—=)  pilizing effect on the flow and shifts the most unstable dis-
=1, andhgz(§—) =0. The parameteC; denotes the con- tyrbance to longer wavelengths. For sufficiently laRyand
tact slope a€=0. Substitution of the fornh=ho(£) in EQ. 4 the film becomes linearly stable to disturbances of all
(1) leads to a traveling wave base state solution where \yavenumbersg.

=1+a is the wave speed. Integrating the resulting ODE  sjnce A is non-normal, conclusions about stability de-

once and applying the boundary conditions yields rived from traditional modal analysis can prove inaccurate
o because the eigenvalue spectrum describes the amplification
hogee=1— e +Dhg,. (3)  behavior of infinitesimal disturbances only in the asymptotic
0

limit t—o. Even when the real parts of all eigenvalues are
Equation(3) was solved using a standard shooting schemaonpositive, significant transient growth can induce nonlin-
with a fourth-order Runge—Kutta method and an error tolerear effects and instability. For eigenvalues with positive real
ance set to 108. The numerical solution is shown in Fig. parts, transient amplification can still cause instability with
1(a) for several values aofr, C, andD.® The capillary ridge  wavenumbers and growth rates at odds with modal results.
near the contact line is more pronounced for smaller valuemvestigations of the linear stability of disturbances governed
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FIG. 3. Comparison of the pseudospectra for 10~* and q=0.20 with
14 v T - r r . D:st(topiqaansd D=5 (bottom). Contours are shown for=10"1,
——q=0.0 . 10715, S,
12‘----g=o.2}o=o
— 104 q=0.4 1
:E‘ ----- q§0~g oo ingly, the extent of transient amplification is more strongly
s 81 3;824} o influenced by the magnitude of the slip coefficient than by
2 6 ] the contact angle slope. In all cases, the plotieoxfp@At) ||,
£ e vs t demonstrate that the exponential growth rate predicted
4- 1 X _ . . "
——— by eigenvalue analysis is rapidly attained. Additional tran-
24 ___'.i-:_:.':.'.: """"""""""""""""""""" g sient growth studies conducted on thermocapillary driven
............................................ films show a similarly weak nonmodal response no matter
0 5 10 15 20 25 30 which contact line model is usé&!® The level of transient
t growth produced by random disturbances in an actual experi-
ment will be less than that predicted here since physical dis-
(b) turbances are not necessarily optimal.

The extent to which hydrostatic pressure diminishes the
FIG. 2. Maximum attainable disturbance amplification for two selected basgeye| of disturbance amplification can be examined by calcu-
1 i — - — —3 —9. — —4
mgfgf'l'es withD=0 andD=5: (8 a=10"" andC,=2; (b) «=10 lating the magnitude of the resolventl ¢ A) ! (wherel is
* the identity matrix for a range ofze C. For eache=0, the
e-pseudospectrum ok is defined a¥

by non-normal operators must therefore proceed beyond AdA)={ze Gz -A) = ®)
simple modal analysis to ensure the physical relevance of thi A is a normal operator\ .(A) is the union of discs formed
results. A detailed analysis of the effects of non-normality orby the set of points iri: within a distancee of the spectrum
flow stability can be found in Ref. 11. Extension of theseof A. The e-pseudospectrum can be much largeh ifs non-
concepts to liquid films sheared by thermocapillary forcesnormal. Plots ofA ((A) depict the extent of non-normality
has also been investigatt@'® The interested reader will find and therefore the physical relevance of its eigenvalue spec-
there a more in-depth treatment of the maximum transientrum. The pseudospectra were calculated using the Pseu-
amplification as well as the shape of optimal initial distur- dospectra GUP for MaTLAB .
bances for different contact line models. The pseudospectra near the leading eigenvalues are plot-
The general solution to Eq(7) is given by G ted in Fig. 3 fora=10"* andq=0.20. Contours are shown
=expAt) Gy, whereGy(&) represents the initial state of the for e=10"1, 10 125...,10 *% The e=10 3° contours are
system. The maximum amplificatiofiexp(At)||, (where the visible in the upper plot on a®(1) scale, while only the
subscript 2 denotes the Euclidean or so-called 2-hofan  e=10"22contours are visible in the lower plot, demonstrat-
selected wave numbergis shown in Fig. 2. These curves ing that the non-normality of the linearized disturbance op-
represent the envelope corresponding to the amplification afrator decreases &sincreases. Different choices for the slip
different initial conditions, maximized over all possible ini- coefficient and wavenumber produce qualitatively similar re-
tial conditions. The particular initial condition that leads to sults; the extent of non-normality diminishes @aandq in-
the largest overall amplification can be obtained from thecrease. The pseudospectra demonstrate mild non-normality
SVD of exp@At). Even for small values of the slip coefficient since eacke-pseudospectral contour exceeds the spectrum by
a, where there exists a significant capillary ridge in the basa distance only slightly greater than'® When combined
flow, the non-modal amplification is no larger than one ordemwith the plots of Ifiexp(At)|| vs t shown in Fig. 2, these
of magnitude. This growth is further diminished as the hy-results indicate that the leading eigenvalue is therefore physi-
drostatic component of the pressui2) increases. Interest- cally determinant in each case.
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